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PDE:  Heat (or Diffusion) Equation 
Unit length heat conductive wire (e.g. metal) with thermally insulated 
lateral boundaries; the initial temperature profile u0(x) is known for every 
x; temperatures of the left and right wire extremes, f1(t) and f2(t), are 
known for every time  t > 0 (Dirichlet boundary conditions). 
We want the temperature profile u(x,t) for every time  t > 0. 
 
 
 
 
 
diffusion coefficient, >0 
x = 0 x = 1 
u(0,t)=f1(t) u(1,t)=f2(t) 
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Remark:  
well-posed problem 
Exact solution:  
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Regularizing effect:  even if the initial condition function u0(s) is just 
bounded and piecewise-continuous, the solution u(x,t) is infinitely 
continuously differentiable for every  t  > 0. Moreover:     0
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This behaviour is typical of the parabolic PDEs. 
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Initial and Boundary  Conditions 
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initial condition: 
boundary 
condition 
(right): 
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Numerical Solution:  Explicit Scheme 
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time:   forward difference 
 
space: centered difference 
+O(k) 
+O(h2) 
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Numerical Solution:  Explicit Scheme 
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Numerical Solution:  Explicit Scheme 
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• Stability: 
Perturbations E0 on  U0: 
Ej+1 on  Uj+1  satisfy    Ej+1=A Ej        j=0,1,…. 
 
Stability (see transport equation): 
       
A  1
( A )  1
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Numerical Solution:  Explicit Scheme 
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Hence, the explicit scheme is stable only if :   
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The matrix A can be decomposed as follows: 
A=I-rT     where Eigenvalues of  T  are: 
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Numerical Solution:  Explicit Scheme 
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Numerical Solution:  Implicit Scheme 
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time:   backward difference 
 
space: centered difference 
+O(k) 
+O(h2) 
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At each time step, we have to solve a linear system with 
tridiagonal coefficient matrix (Thomas algorithm) 
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Numerical Solution:  Implicit Scheme 
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Heat Equation:  Neumann B.C. 
Unit length heat conductive wire (e.g. metal) with thermally insulated 
lateral boundaries; the initial temperature profile u0(x) is known for every 
x; heat fluxes at the left and right wire extremes, f1(t) and f2(t), are known 
for every time  t > 0 (Neumann boundary conditions). 
We want the temperature profile u(x,t) for every time  t > 0. 
 
 
 
 
 
diffusion coefficient, >0 
x = 0 x = 1 
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ux(0,t) = f1(t)  ux(1,t) = f2(t)  
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• Heat flux prescribed at  x = 1: 
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For the explicit scheme, 
if i = N, we have:  
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Heat Equation:  Neumann B.C. 
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Neumann boundary conditions: 
Dirichlet boundary conditions: 
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Heat Equation:  Explicit Scheme 
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